ABSTRACT. We survey on the recent progress toward mirror symmetry between LandauGinzburg models.
INTRODUCTION
Calabi-Yau geometry plays a central role for dualities in string theory. The celebrated prediction of counting rational curves on quintic 3-fold [5] blows up the mathematical interest on mirror symmetry between symplectic (A-model) and complex (B-model) geometries. A mirror theorem about the equivalence between Gromov-Witten theory and variation of Hodge structures on a large class of mirror Calabi-Yau manifolds has been established by Givental [16] and Lian-Liu-Yau [32] .
Calabi-Yau models are closely related to Landau-Ginzburg models [6, 15, 19, 29, 40, 41] that are associated to holomorphic functions. Such phenomenon is sometimes called Calabi-Yau/Landau-Ginzburg correspondence. The most studied mirror construction involving Landau-Ginzburg models is between toric-varieties and Laurent polynomials [16, 17, 23] . However, investigation of Landau-Ginzburg mirror pairs was rarely studied in mathematics. This is mainly due to the late appearance of a mathematical theory for Landau-Ginzburg A-models, which was fully established a few years ago by Fan, Jarvis and Ruan [13] motivated by work of Witten [42] . Now it is commonly referred as FJRWtheory, which can be viewed as a quantum intersection theory on Lefschetz thimbles. See [14] for a survey.
The mathematical context of Landau-Ginzburg B-models has a longer history. It dates back to the theory of primitive forms introduced by Saito [35, 36] around early 1980's as a generalization of the elliptic period integral theory associated to an isolated singularity. Saito's theory leads to systematic examples of Frobenius manifold structure on the universal unfoldings of isolated singularities, characterizing the genus zero structure of topological Landau-Ginzburg B-model. The analogue for compact Calabi-Yau manifolds is developed in [1, 2] . For higher genus, Givental [18] proposed a remarkable formula for the total ancestor potential of a semi-simple Frobenius manifold. The uniqueness of Givental's formula was established by Teleman [39] . According to Milanov [33] (see also [10] ), Givental's formula can be extended to certain limits of semi-simple locus, which is suffice for our purpose.
With both sides of Landau-Ginzburg models having firm foundations, it is natural to investigate whether mirror symmetry between Landau-Ginzburg pairs holds. Here the relevant holomorphic functions are weighted homogeneous as required for LandauGinzburg A-model. Such polynomials are partially classified by their central charges. Mirror symmetry for ADE singularities (central charge < 1) is established by Fan-JarvisRuan [13] (see also [12, 22] for A-types). For simple elliptic singularities (central charge = 1), this is due to Krawitz-Milanov-Shen [26, 34] . The difficulty to go beyond central charge = 1 is the lack of computation method for primitive period maps in those cases. This problem is solved by a recent development of a perturbative theory of primitive forms [30] (as an analogue of Calabi-Yau cases [1, 11] ) together with the help of WDVV equation. Applied to exceptional unimodular singularities (all with 1 < central charge < 2), this leads to a mirror theorem [31] for the first nontrivial examples whose central charges exceed 1. Recently, a general mirror theorem has been proved [21] by a thorough investigation of the method developed in [31] .
In this note, we will describe a geometric tour toward the general LG/LG mirror theorem based on [21] . This paper is dedicated to Prof. S.-T. Yau on the occasion of his 65th birthday. The author thanks for his sharing of thoughtful views in mathematics and physics and his invaluable support and encouragement all the time. The author would also like to thank Yongbin Ruan for many helpful communications.
THE MIRROR PAIRS
The LG/LG mirror pairs originate from Berglund-Hübsch [4] that was completed by Krawitz [25] , which is usually called the BHK mirror [9] . Let W : C N → C be a weighted homogeneous polynomial with an isolated critical point at the origin. There exist positive rational numbers q 1 , q 2 , . . . , q N ≥ 1/2 such that
The numbers q 1 , . . . , q N are called the weights of W. The central charge of W, which can be thought of as the "dimension" of the LG theory, is defined bŷ
We define its maximal group of diagonal symmetries to be
In the BHK mirror construction, the polynomial W is required to be invertible [9, 25] , i.e., the number of variables must equal the number of monomials of W. By rescaling the variables, we can always write W as
We denote its exponent matrix
i.e., the exponent matrix E W T of the mirror polynomial is the transpose matrix of E W . All invertible polynomials have been classified [27] : a polynomial is invertible if and only if it is a disjoint sum of the three following atomic types, where a ≥ 2 and a i ≥ 2:
• Fermat: x a .
• Chain: x
Landau-Ginzburg mirror symmetry has to be incorporated with orbifold groups. Let G ⊂ G W be a subgroup containing (e 2πiq 1 , · · · , e 2πiq n ). Then the mirror group G T for W T is constructed by [3, 25] . The BHK mirror pair is
Since we do not have a satisfactory theory for orbifold Landau-Ginzburg B-model in general, we will restrict our discussion to G T = {1}, i.e. G = G W .
FJRW THEORY
FJRW theory [13] associates a cohomological field theory (in the sense of [24] ) for a pair (W, G). We consider the case (W, G W ) with maximal orbifold group. It leads to a state space H W and a set of linear maps 
on Riemann surfaces of genus g with specified boundary conditions via Lefschetz thimbles at k marked points. Here σ i 's are sections of suitable orbifold line bundles. See [13] for details. Naively, we can think about σ i 's as defining a "map" (twisted by gravity on the surface Σ g )
satisfying a nonlinear deformation (defined by W) of the Cauchy-Riemann equation. Therefore FJRW theory generalizes the usual Gromov-Witten theory to Landau-Ginzburg models. See also [7] for an algebraic construction in the narrow sectors.
The FJRW invariants are defined by
Here ξ i ∈ H W , and ψ i is the i-th ψ-class on M g,k . The genus zero invariants define a Frobenius manifold structure on H W with prepotential function
FINDING THE RIGHT B-MODEL
Let us denote f = W T in the B-model, with a universal deformation
where {φ 1 , · · · , φ µ } ∈ C[x 1 , · · · , x N ] are weighted homogeneous polynomials representing an additive basis of the Jacobian algebra Jac( f ), and {s 1 , · · · , s µ } parametrizes the deformation space at the germ (C µ , 0). Saito's primitive form is a family of holomorphic volume forms
parametrized by the germ of the deformation. One of the key property of ζ(x, s) is that it induces a (holomorphic) metric
which is flat. Here Res F is the residue pairing associated to the critical points of the holomorphic function F on C N . Moreover, in terms of the flat affine coordinates
the oscillatory integrals satisfy differential equations
A γ αβ (τ) defines the quantum product for the Frobenius manifold structure on Jac( f ). Together with the flat metric g, they determine the potential function of genus zero invariants in the Landau-Ginzburg B-model. ζ(x, s) is constructed by solving a version of Riemann-Hilbert-Birkhoff problem [35] . This abstract nature makes it very difficult to do computations with ζ(x, s). For weighted homogeneous singularities, the only known expressions are for ADE (P = 1) and simple elliptic singularities ( 1 P is a period of elliptic curves) [35] . Beyond those, the existence of so-called irrelavant deformations (or negative degree deformations) complicates the situation.
There is a further subtlety in the B-model. The primitive forms are not unique. Their moduli space can be identified with the choices of good basis [35, 37, 38] , whose existence for arbitrary isolated singularity is proved in [37] . In the case of weighted homogeneous singularities, a good basis is a homogenous representatives {φ 1 , · · · , φ µ } ∈ C[x i ] of an additive basis of Jac( f ), satisfying a tower of higher residue vanishing conditions
f } m≥0 are Saito's higher residue pairing [36] , the leading term K
f being the usual residue pairing. It is shown [35] that each choice of a good basis leads to a primitive form, hence a Frobenius manifold structure on Jac( f ).
Here is a basic example for this phenomenon. Consider a simple elliptic singularity:
For any c ∈ C, the following is a good basis {1,
In particular, we get a one-parameter family of primitive forms (up to rescaling by a constant). This is related to the fact that there are two linearly independent periods on elliptic curves.
There are multiple choices of good basis in the B-model, leading to different genus zero invariants. We have to find the particular one that mirror symmetry favors for. This is identified in [21] as follows. •
where r = (r 1 , · · · , r N ) with r i ≤ a i − 1 for all i and r is not of the form ( * ,
Note that we have used the mirror expression for f = W T . For an arbitrary invertible polynomial as a disjoint sum of atomic types, a good basis can be obtained from tensor product of the above good basis from its atomic component. We call this the standard good basis.
The standard good basis appears also in FJRW theory [25] , where Krawitz finds a natural identification of it with elements in FJRW state space H W . We call this Krawitz's mirror map, which defines a vector space isomorphism between H W and Jac(W T ).
THE MIRROR THEOREM
The works [33, 39] imply that Givental's formula [18] is also valid for Landau-Ginzburg B-models defined by W T . The full theory of Landau-Ginzburg B-model will be called Saito-Givental theory. Moreover, the higher genus invariants are completely determined by the genus zero data. To establish mirror symmetry between Landau-Ginzburg models, it suffices to show that the Frobenius manifold structures are isomorphic under Krawitz's mirror map. One of the main achievement in [21] is the following reconstruction type theorem. Here the selection rules of Dimension Axiom and Integer Degree Axiom are natural geometric properties (see [21] for details). The identification of 2-point and 3-point functions is done by Krawitz [25] . This powerful reconstruction theorem therefore reduces the check of mirror symmetry to only 4-point functions (actually a few very special 4-point functions. See [21] ). There is a minor situation for chain types with weight 1/2 not covered, i.e., W = x
N with a N = 2. This is a technical difficulty of missing information about certain FJRW 3-point functions due to the non-algebraic nature of FJRW theory.
The relevant FJRW 4-point functions can be computed using the method developed in [8, 20] . Historically, people in the subject of mirror symmetry focused on the computation of explicit examples. One novelty of our computation is that it works for ALL the cases .In the B-model, the difficulty of primitive forms is solved in [30] by a recursive formula to compute correlation functions up to arbitrary order. These provide enough information for mirror pairs, and it is checked [21] that data from both sides are completely identical! This leads to our mirror theorem. There are several important questions to explore in this direction. For example, it is desirable to construct the full theory of orbifold Landau-Ginzburg B-model for the pair (W T , G T ) when G T = {1} in order to understand the general mirror pairs. Also, it would be quite interesting to incorporate D-branes for homological mirror symmetry [28] . This will be investigated in future works.
